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Abstract. Starting with a complex commutative semi-simple regular Banach 
algebra A and an automorphism a of A, we form the crossed product of A with 
the integers, where the latter act on A via iterations of a. The automorphism 
induces a topological dynamical system on the character space A(A) of A 
in a natural way. We prove an equivalence between the property that every 
non-zero ideal in the crossed product has non-zero intersection with the sub- 
algebra A, maximal commutativity of A in the crossed product, and density 
of the non-periodic points of the induced system on the character space. We 
also prove that every non-trivial ideal in the crossed product always intersects 
the commutant of A non-trivially. Furthermore, under the assumption that 
A is unital and such that A(A) consists of infinitely many points, we show 
equivalence between simplicity of the crossed product and minimality of the 
induced system, and between primeness of the crossed product and topological 
transitivity of the system. 



1. Introduction 

A lot of work has been done in the direction of connections between certain 
topological dynamical systems and crossed product C*-algebras. In [6] and [7], 
for example, one starts with a homeomorphism a of a compact Hausdorff space 
X and constructs the crossed product C*-algebra C(X) x a Z, where C(X) is the 
algebra of continuous complex valued functions on X and a is the automorphism of 
C(X) naturally induced by a. One of many results obtained is equivalence between 
simplicity of the algebra and minimality of the system, provided that X consists of 
infinitely many points, see [I], [3], [6], [7] or, for a more general result, [8]. In [5], a 
purely algebraic variant of the crossed product is considered, and with more general 
classes of algebras than merely continuous functions on compact Hausdorff spaces 
serving as "coefficient algebras" in the crossed products. For example, it was proved 
there that, for such crossed products, the analogue of the equivalence between 
density of non-periodic points of a dynamical system and maximal commutativity 
of the "coefficient algebra" in the associated crossed product C* -algebra is true for 
significantly larger classes of coefficient algebras and associated dynamical systems. 
In this paper, we go beyond these results and investigate the ideal structure of some 
of the crossed products considered in [5]. More specifically, we consider crossed 
products of complex commutative semi-simple regular Banach algebras A with the 
integers under an automorphism a : A — > A. 

In Section[2]we give the most general definition of the kind of crossed product that 
we will use throughout this paper. We also mention the elementary result that the 



Date: January 30, 2007. 

Key words and phrases. Crossed product; Banach algebra; ideals, dynamical system; maximal 
abelian subalgebra 

2000 Mathematics Subject Classification. Primary 47L65 Secondary 16S35, 37B05, 54H20. 

1 



2 



CHRISTIAN SVENSSON, SERGEI SILVESTROV, AND MARCEL DE JEU 



commutant of the coefficient algebra is automatically a commutative subalgebra 
of the crossed product. The more specific setup that we will be working in is 
introduced in Section [3l There we also introduce some notation and mention two 
basic results concerning a canonical isomorphism between certain crossed products, 
and an explicit description of the commutant of the coefficient algebra in one of 
them. 

According to Theorem 5.4], the following three properties are equivalent: 

• The non-periodic points of (X, a) are dense in X; 

• Every non-zero closed ideal I of the crossed product C*-algebra C(X) x Q Z 
is such that / n C(X) =f {0}; 

• C[X) is a maximal abelian C*-subalgebra of C{X) xi a Z. 

In Section [H an analogue of this result is proved for our setup. A reader familiar 
with the theory of crossed product C* -algebras will easily recognize that if one 
chooses A — C(X) for X a compact Hausdorff space in Corollary 14.51 below, then 
the crossed product is canonically isomorphic to a norm-dense subalgebra of the 
crossed product C*-algebra coming from the considered induced dynamical system. 
We also combine this with a theorem from [5] to conclude a stronger result for the 
Banach algebra L\(G), where G is a locally compact abelian group with connected 
dual group. 

In Section[5j we prove the equivalence between algebraic simplicity of the crossed 
product and minimality of the induced dynamical system in the case when A is 
unital with its character space consisting of infinitely many points. This is analogous 
to Theorem 5.3], pQ Theorem VIII 3.9], the main result in [3] and, as a special 
case of a more general result, |8, Corollary 8.22] for the crossed product C*-algebra. 

In Section [6l the fact that the commutant of A always has non-zero intersection 
with any non-zero ideal of the crossed product is shown. This should be compared 
with the fact that A itself may well have zero intersection with such ideals, as 
Corollary 14. 51 shows . The analogue of this result in the context of crossed product 
C*-algebras appears to be open. 

Finally, in Section [7] we show equivalence between primeness of the crossed prod- 
uct and topological transitivity of the induced system, in the case when A is unital 
and has an infinite character space. The analogue of this in the context of crossed 
product C*-algebras is |7,, Theorem 5.5]. 

2. Definition and a basic result 

Let A be an associative commutative complex algebra and let \P : A — > A be an 
algebra automorphism. Consider the set 

A Z = {/ : Z — > A | f(n) — except for a finite number of n). 

We endow it with the structure of an associative complex algebra by defining scalar 
multiplication and addition as the usual pointwise operations. Multiplication is 
defined by twisted convolution, *, as follows; 

(/*ff)(n) = X)/( fc )-**Cs( n - fc ))> 

where denotes the fc-fold composition of with itself. It is trivially verified that 
A x CT Z is an associative C-algebra under these operations. We call it the crossed 
product of A and Z under V P. 
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A useful way of working with A x ^ Z is to write elements /, g £ A xi $ Z in the 
form / = J^nez fn<* n , 9 = J2 me i,9mS m , where /„ = f(n), g m = g(m), addition and 
scalar multiplication are canonically defined, and multiplication is determined by 
(fnS n ) * (g m S m ) = /„ • ^ n {g m )5 n+m , where n,meZ and f n ,g m € A are arbitrary. 

Clearly one may canonically view A as an abelian subalgebra of A x^, Z, namely 
as {/o<5° | /o £ A}. The following elementary result is proved in [U Proposition 2.1]. 

Proposition 2.1. The commutant A' of A in A x$ Z is abelian, and thus it is the 
unique maximal abelian subalgebra containing A. 

3. Setup and two basic results 

In what follows, we shall focus on cases when A is a commutative complex 
Banach algebra, and freely make use of the basic theory for such A, see e.g. [2]- As 
conventions tend to differ slightly in the literature, however, we mention that we 
call a commutative Banach algebra A semi-simple if the Gelfand transform on A 
is injective, and that we call it regular if, for every subset F of the character space 
A(A) that is closed in the Gelfand topology and for every </> € A(A) \ F, there 
exists an a S A such that a(</>) = for all <j> £ F and a(<fo) ^ 0. All topological 
considerations of the character space A (A) will be done with respect to its Gelfand 
topology (the weakest topology making all elements in the image of the Gelfand 
transform of A continuous on A(A)). 

Now let A be a complex commutative semi-simple regular Banach algebra, and 
let a : A —>> A be an algebra automorphism. As in 0, a induces a map a : A(A) — * 
A(A) (where A(A) denotes the character space of A) defined by ct(^) = ^lod -1 ,^ g 
A(A), which is automatically a homeomorphism when A (A) is endowed with the 
Gelfand topology. Hence we obtain a topological dynamical system (A(A),a). 
In turn, a induces an automorphism a : A — > A (where A denotes the algebra 
of Gelfand transforms of all elements of A) defined by a (a) = a o er -1 = a (a). 
Therefore we can form the crossed product A xig Z. We also mention that when 
speaking of ideals, we will always mean two-sided ideals. 

In what follows, we shall make frequent use of the following fact. Its proof 
consists of a trivial direct verification. 

Theorem 3.1. Let A be a commutative semi-simple Banach algebra and a be an 
automorphism, inducing an automorphism a : A — > A as above. Then the map 
$ : i >:„ Z ^ A >!ij Z defined by X)nez a «^" l— * Xmez^n^" * s an isomorphism of 
algebras mapping A onto A. 

Before stating the next result, we make the following basic definitions. 

Definition 3.2. For any nonzero n S Z we set 

Per"(A( J 4))={ M GA( J 4)| M = 5 n (M)}. 

Furthermore, we denote the non-periodic points by 

Per°°(A( J 4)) = f] (A(A)\ Per" ( A( A) ) . 

nSZ\{0} 
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Finally, for f e A, put 

supp(/) = e A(A) | JiiT) + 0}. 

Theorem 3.3. We have the following explicit description of A in A Z; 
A' = fnS n | / n e A and for alln G Z : supp(/ n ) C Per"(A(A))}. 

Proof. This follows from [H Corollary 3.4], as A trivially separates the points of 
A (A) and Per n (A(A)) is a closed set. □ 

4. Three equivalent properties 

In this section we shall conclude that, for certain A, two different algebraic 
properties of A X CT Z are equivalent to density of the non-periodic points of the 
naturally associated dynamical system on the character space A (A), and hence 
obtain equivalence of three different properties. The analogue of this result in the 
context of crossed product C*-algebras is [7J Theorem 5.4]. We shall also combine 
this with a theorem from [5] to conclude a stronger result for the Banach algebra 
Li{G), where G is a locally compact abelian group with connected dual group. 

In [U Theorem 4.8], the following result is proved. 

Theorem 4.1. Let A be a complex commutative regular semi-simple Banach al- 
gebra, a : A — > A an automorphism and a the homeomorphism of A(A) in the 
Gelfand topology induced by a as described above. Then the non-periodic points 
are dense in A(A) if and only if A is a maximal abelian subalgebra of A xij Z. In 
particular, A is maximal abelian in A X a Z if and only if the non-periodic points 
are dense in A(A). 

We shall soon prove another algebraic property of the crossed product equivalent 
to density of the non-periodic points of the induced system on the character space. 
First, however, we need two easy topological lemmas. 

Lemma 4.2. Let x £ A(A) be such that the points o l {x) are distinct for all i such 
that —in < i < n, where n and m are positive integers. Then there exist an open 
set U x containing x such that the sets a l (U x ) are pairwise disjoint for all i such 
that —m < i < n. 

Proof. It is easily checked that any finite set of points in a Hausdorff space can be 
separated by pairwise disjoint open sets. Separate the points cx 2 (x) with disjoint 
open sets Vi. Then it is readily verified that the set 

u x := a m (V- m ) n a^iV-m+i) n...ny„nr 1 (7 1 )n...n 

is an open neighbourhood of x with the required property. □ 

Lemma 4.3. The non-periodic points of (A(A),a) are dense if and only if the set 
Per n (A( J 4)) has empty interior for all positive integers n. 

Proof. Clearly, if there is a positive integer no such that Per n °(A(A)) has non- 
empty interior, the non-periodic points are not dense. For the converse, we recall 
that A(A) is a Baire space since it is locally compact and Hausdorff, and note that 
we may write 

A(A)\Per°°(A( J 4)) = (J Pcr"(A(A)). 

n>0 
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If the set of non-periodic points is not dense, its complement has non-empty interior, 
and as the sets Per™(A(^4)) are clearly all closed, there must exist an integer n > 
such that Per™ (A(A)) has non-empty interior since A(A) is a Baire space. □ 
We are now ready to prove the promised result. 

Theorem 4.4. Let A be a complex commutative semi-simple regular Banach alge- 
bra, a : A — > A an automorphism and a the homeomorphism of A(A) in the Gelfand 
topology induced by a as described above. Then the non-periodic points are dense 
in A(A) if and only if every non-zero ideal I C A x CT Z is such that I A ^ {0}. 

Proof. We first assume that Per°°(A(74)) = A(A), and work initially in A x 5 Z. 
Assume that I C A X$ Z is a non-zero ideal, and that / = X^nez/™^™ e I- By 
definition, only finitely many /„ are non-zero. Denote the set of integers n for 
which f n ^ by S = {nx, . . . ,n r }. Pick a non-periodic point x £ A(A) such that 
fnA x ) 7^ (by density of Per°°(A(yl)) such x exists). Using the fact that x is not 
periodic we may, by Lemma I4.2[ choose an open neighbourhood U x of x such that 
a~ ni (U x ) n a~ nj (U x ) — for m ^ rij, rii, rij £ S. Now by regularity of A we can 
find a function g £ A that is non-zero in a~ ni (x), and vanishes outside a~ ni (U x ). 
Consider f * g — J2nezfn ' (5 ° (r~ n )S n . This is an element in I and clearly the 
coefficient of S ni is the only one that does not vanish on the open set U x . Again 
by regularity of A, there is an h € A that is non-zero in x and vanishes outside 
U x . Clearly h * f * g = [h ■ (g o a~ ni )f ni ]5 ni is a non-zero monomial belonging 
to /. Now any ideal that contains a non-zero monomial automatically contains a 
non-zero element of A. Namely, if a,i8 l £ I then [atS 1 ] * [(o» o a l )5~ l ] = af £ A. By 
the canonical isomorphism in Theorem 13.11 the result holds for A X a Z as well. 

For the converse, assume that Per°°(A( J 4)) ^ A(A). Again we work in A »j Z. 
It follows from Lemma [4731 that since Per°°(A(A)) ^ A(A), there exists an integer 
n > such that Per n (A(A)) has non-empty interior. As A is assumed to be regular, 
there exists / £ A such that supp(J) C Per n (A(A)). Consider now the ideal 
I = (/ + fS n ). It consists of finite sums of elements of the form aiS l (f + f5 n )aj5K 
Using that / vanishes outside Per n (A(A)), we may rewrite this as follows 

mPtf + fS n )a^ = [a t ■ (a, o a~ l )5 l ] * [fS^ + fS n+ ^} 

= [en ■ (a, o a-*) ■ (/ o a-')]<P+i + [a, • (a, o o?"*) • (/ o 0?-*)]^+". 

This means that any element in / may be written in the form ^(&i<5 1 + bid n+l ). 
As i runs only through a finite subset of Z, this is not a non-zero monomial. In 
particular, it is not a non-zero element in A. Hence I intersects A trivially. By the 
canonical isomorphism in Theorem l3.il the result carries over to A x a Z. □ 
Combining Theorem 14 . 1 1 and Theorem 14. 4^ we now have the following result. 

Corollary 4.5. Let A be a complex commutative semi-simple regular Banach alge- 
bra, a : A — > A an automorphism and a the homeomorphism of A(A) in the Gelfand 
topology induced by a as described above. Then the following three properties are 
equivalent: 

• The non-periodic points Per°°(A(A)) of (A(A),a) are dense in A(A); 

• Every non-zero ideal Kix„Z is such that I D A ^ {0}; 

• A is a maximal abelian subalgebra of A x ff Z. 

We shall make use of Corollary l4.5l to conclude a result for a more specific class of 
Banach algebras. We start by recalling a number of standard results from the theory 
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of Fourier analysis on groups, and refer to [2] and [4] for details. Let G be a locally 
compact abelian group. Recall that Li(G) consists of equivalence classes of complex 
valued Borel measurable functions of G that are integrable with respect to a Haar 
measure on G, and that L\(G) equipped with convolution product is a commutative 
regular semi-simple Banach algebra. A group homomorphism 7 : G — > T from a 
locally compact abelian group to the unit circle is called a character of G. The set 
of all continuous characters of G forms a group T, the dual group of G, if the group 
operation is defined by 

(71 +72)0) = 71 0*072 0*0 (x e G; 71,72 e r). 

If 7 G r and if 



then the map / 1— > /X7) is a non-zero complex homomorphism of L\{G). Con- 
versely, every non-zero complex homomorphism of L\{G) is obtained in this way, 
and distinct characters induce distinct homomorpisms. Thus we may identify Y 
with A(Li(G)). The function / : V — > C defined as above is called the Fourier 
transform of / £ £i(G), and is precisely the Gelfand transform of /. We denote 
the set of all such / by ^4(T). Furthermore, T is a locally compact abelian group in 
the Gelfand topology. 

In [U Theorem 4.16], the following result is proved. 

Theorem 4.6. Let G be a locally compact abelian group with connected dual group 
and let a : L\(G) — > L\(G) be an automorphism. Then L\(G) is maximal abelian 
in L\[G) x CT Z if and only if a is not of finite order. 

Combining Corollary 14.51 and Theorem 14.61 the following result is immediate. 

Corollary 4.7. Let G be a locally compact abelian group with connected dual group 
and let a : L\{G) — ► L\{G) be an automorphism. Then the following three state- 
ments are equivalent. 

• a is not of finite order; 

• Every non-zero ideal I C L\(G) Y\ a 7L is such that I f~l L\{G) ^ {0}; 

• L\{G) is a maximal abelian subalgebra of L\(G) M CT Z. 



Recall that a topological dynamical system is said to be minimal if all of its 
orbits are dense, and that an algebra is called simple if it lacks non-trivial proper 
ideals. 

Theorem 5.1. Let A be a complex commutative semi-simple regular unital Banach 
algebra such that A (A) consists of infinitely many points, and let a : A — > A be 
an algebra automorphism of A. Then A x CT Z is simple if and only if the naturally 
induced system (A(A),a) is minimal. 

Proof. Suppose first that the system is minimal, and assume that / is a proper 
ideal of A x a Z. Note that I n A is a proper a- and a^ 1 -invariant ideal of A. 
By basic theory of Banach algebras, I fl A is contained in a maximal ideal of A 
(note that I n A ^ A as A is unital and I was assumed to be proper), which is 
the kernel of an element /x € A (A). Now / fl A is a a- and a^ 1 -invariant proper 
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non-trivial ideal of A, all of whose elements vanish in \i. Invariance of this ideal 
implies that all of its elements even annihilate the whole orbit of \x under a. But 
by minimality, every such orbit is dense and hence I A = {0}. By semi-simplicity 
of A, this means I n A = {0}, so I — {0} by Corollary 14.51 For the converse, 
assume that there is an element fi G whose orbit O(fi) is not dense. By 

regularity of A there is a nonzero g £ A that vanishes on 0(/i). Then clearly 
the ideal generated by g in A xi 5 Z consists of finite sums of elements of the form 
(US n ) * g * (h m 5 m ) = [/„ • {g o a~ n ) ■ (h m o 3?-")]<5"+ m , and hence the coefficient of 
every power of S in this ideal must vanish in fi, whence the ideal is proper. Hence 
by Theorem l3.lt A x CT Z is not simple. □ 



6. Every non-zero ideal has non-zero intersection with A' 

We shall now show that any non-zero ideal in A xi „ Z has non-zero intersection 
with A' . This should be compared with Corollary 14.51 which says that a non-zero 
ideal may well intersect A solely in 0. We have no information on the validity of 
the analogue of this result in the context of crossed product C*-algebras. 

Theorem 6.1. Let A be a complex commutative semi-simple regular Banach alge- 
bra, and a : A^r A an automorphism. Then every non-zero ideal I in A x ^ Z has 
non-zero intersection with the commutant A' of A in A'A^'L, that is IC\A'^ {0}. 

Proof. As usual, we work in A »gZ. When Per°°(A(^4)) = A(A), the result follows 
immediately from Corollary 14.51 We will use induction on the number of non-zero 
terms in an element / = J^nez, /«^™ to show that it generates an ideal that intersects 
A non-trivially. The starting point for the induction, namely when / = f n 5 n with 
non-zero /„, is clear since any such element generates an ideal that even intersects 
A non-trivially, as was shown in the proof of Theorem [431 Now assume inductively 
that the conclusion of the theorem is true for the ideals generated by any element of 
A xigZ with r non-zero terms for some positive integer r, and consider an element 
/ = fm $ ni + • ■ • + fn r+1 S nr+1 . By multiplying from the right with a suitable element 
we obtain an element in the ideal generated by / of the form g = X^=o 9^ % sucn 
that go ^ 0. If some of the other gi are zero we are done by induction hypothesis, 
so we may assume this is not the case. We may also assume that g is not in 
the commutant of A since otherwise we are of course also done. This means, by 
Theorem 13. 3} that there is such j that < j < m r and supp(gj) % Per- 7 (A(A)). 
Pick an x € supp((?j) such that x ^ cr^i (x) and gj{x) ^ 0. As A(A) is Hausdorffwe 
can choose an open neighbourhood U x of x such that U x Ha^ (U x ) — 0- Regularity 
of A implies existence of an h G A such that hoa~i(x) = 1 and h vanishes identically 
outside of a~i{U x ). Now g * h = J27^o 9* ' Q 1 ■ Using regularity of A again 

we pick a function a & A such that a(x) = 1 and a vanishes outside U x . We have 
a*g*h = X)"=o a ' 9i ' which is in the ideal generated by /. Now a-go-h 

is identically zero since a ■ h = 0. On the other hand, a ■ g } ■ ■ (h o a^i ) is non-zero in 
the point x. Hence a* g* h is a non-zero element in the ideal generated by / whose 
number of non-zero coefficient functions is less than or equal to r. By the induction 
hypothesis, such an element generates an ideal that intersects the commutant of 
A non-trivially. By Theorem 13.11 it follows that every non-zero ideal in A xi a Z 
intersects A' non-trivially. □ 
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7. PRIMENESS VERSUS TOPOLOGICAL TRANSITIVITY 

We shall show that for certain A, A >i a Z is prime if and only if the induced 
system (A(A),a) is topologically transitive. The analogue of this result in the 
context of crossed product C*-algebras is in [7j Theorem 5.5]. 

Definition 7.1. The system (A(A),a) is called topologically transitive if for any 
pair of non-empty open sets U, V of A (A), there exists an integer n such that 
a n {U) nv ^0. 

Definition 7.2. The algebra A x CT Z is called prime if the intersection between 
any two non-zero ideals /, J is non-zero, that is / n J ^ {0}. 

For convenience, we also make the following definition. 

Definition 7.3. The map E : A x ? Z -> A is defined by i^EneZ f^ n ) = f . 

To prove the main theorem of this section, we need the two following topological 
lemmas. 

Lemma 7.4. // (A(A),a) is not topologically transitive, then there exist two dis- 
joint invariant non-empty open sets 0\ and O2 such that 0\ U O2 = A(A). 

Proof. As the system is not topologically transitive, there exist non-empty open sets 
U, V C A(A) such that for any integer n we have a n (U) (~)V = 0. Now clearly the 
set 0\ — \] n ^i^ n iU) is an invariant non-empty open set. Then 0\ is an invariant 
closed set. It follows that O2 — A(A)\Oi is an invariant open set containing V. 
Thus we even have that 0\ U O2 — A(A), and the result follows. □ 

Lemma 7.5. If (A(A),a) is topologically transitive and there is an uq > such 
that A(A) — Per" (A(A)), then A(A) consists of a single orbit and is thus finite. 

Proof. Assume two points x,y € A(A) are not in the same orbit. As A(A) is 
Hausdorff we may separate the points x, cr(x), . . . , cr™ 0_1 (x), y by pairwise disjoint 
open sets Vo,Vi, . . . , V no -i, V y . Now consider the set 

u x := v nr 1 ^) na- 2 {v 2 ) n . . .n*- no+1 (V no -i). 

Clearly the sets A x = U^q 1 ? 4 (U x ) and A y = U^q ^(VJ,) are disjoint invariant 
non-empty open sets, which leads us to a contradiction. Hence A(A) consists of 
one single orbit under a. □ 
We are now ready for a proof of the following result. 

Theorem 7.6. Let A be a complex commutative semi-simple regular unital Banach 
algebra such that A(A) consists of infinitely many points, and let a be an automor- 
phism of A. Then A xs a Z is prime if and only if the associated system (A(A),a) 
on the character space is topologically transitive. 

Proof. Suppose (A(A),a) is not topologically transitive. Then there exists, by 
Lemma EH two disjoint invariant non-empty open sets 0\ and O2 such that 0\ U 
O2 = A(A). Let I\ and h be the ideals generated in A x$ Z by k(Oi) (the set of 
all functions in A that vanish on 0\) and k{02) respectively. We have that 

E{h n h) C E{h)C\E{I 2 ) - fc(OT) nfc(O^) = fc(O^UO^) = k(A(A)) = {0}. 

It is not difficult to see that if I C A Z is an ideal and E(I) = {0}, then I = {0}. 
Namely, suppose F — J2 n fn^ n € I an d /t^O for some integer i. Since A is unital, 
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so is A and thus (T 1 G A x ff Z. SoF*r ! e/ and hence E(F * $-*) = = 
which is a contradiction, so I = {0}. Hence ii fl h = {0} and Ax^Zis not prime. 
By Theorem 13.11 neither is A x CT Z. Next suppose that (A(A),cx) is topologically 
transitive. Assume that Per°°(A(v4)) is not dense. Then by Lemma [4.31 there is 
an integer uq > such that Per n °(A(A)) has non-empty interior. As Per"°(A(A)) 
is invariant and closed, topological transitivity implies that A(A) = Per n °(A(A)). 
This, however, is impossible since by Lemma 1731 it would force A(A) to consist of 
a single orbit and hence be finite. Thus Per°°(A(v4)) is dense after all. Now let 
I and J be two non-zero proper ideals in A x CT Z. Unitality of A assures us that 
If] A and JO A are proper invariant ideals of A and density of Per°°(A(A)) assures 
us that they are non-zero, by Theorem 14.51 Consider Aj = {/i G A(A) | /i(a) = 
Ofor all a G I n A} and Aj = {v G A(A) \ v{b) = Ofor all 6 G J fl A}. Now by 
Banach algebra theory a proper ideal in a commutative unital Banach algebra A is 
contained in a maximal ideal, and a maximal ideal of A is always precisely the set 
of zeroes of some £ G A(A). This implies that both Aj and Aj are non-empty, and 
semi-simplicity of A assures us that they are proper subsets of A(A). Clearly they 
are also closed and invariant under a and <r , Hence A(A) \ Ai and A(A) \ Aj 
are invariant non-empty open sets. By topological transitivity we must have that 
these two sets intersect, hence that Ai U Aj ^ A(A). This means that there exists 
7] G A(A) and a e I n A, b e J D A such that 77(a) ^ 0, 77(6) ^ and hence that 
rj(ab) 0. Hence 7^ ab G I fl J, and we conclude that A x CT Z is prime. □ 
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